





































































































Geometry of Neuromanifolds

pr x X Y polynomial in bothOEO xeX

M What kindof object is M
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Geometry of Neuromanifolds

pr x X Y polynomial in bothOEO xeX

M What kindof object is M
1

pe

A semialgebraic set

describableby
polynomial equations

inequalities








































































































Semi Algebraic Sets

R

An algebraic set algebraic variety in R is a solution set
of a system of polynomial equations in REX Xn

7
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Semi Algebraic Sets

R

An algebraic set algebraic variety in R is a solution set
of a system of polynomial equations in REX _Xn

y 1
A basic semialgebraic set in R is a solutionset of a system of

polynomial equations and polynomialinequalities inREX Xn 70








































































































Semi Algebraic Sets

R

An algebraic set algebraic variety in R is a solution set
of a system of polynomial equations in RIX.sn

y 1
A basic semialgebraic set in R is a solutionset of a system of

polynomial equations and polynomialinequalities inREX Xn 70

A semialgebraic set is a finiteunion of basic semialgebraic gets
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Tarski SeidenbergTheorem

E R
UI

A morphism between algebraic varieties y X Y is a polynomial

mpia y a gene gg

Them p X is a semialgebraic set

trip to u so
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Tarski SeidenbergTheorem

E UI

A morphism between algebraic varieties y X Y is a polynomial

mpia y a gape gg

Them p X is a semialgebraic set

L
xp to u 207

Xy I

µ x X Y polynomial in xeX MeV of finitedimension
in QE M is servialgebraic

SM
1

pe








































































































Linear MLPs

a
a

a b Y M WERE rk W 1

Is M a variety or just a semialgebraicset








































































































Linear MLPs
o o

a

a
a

a b Y M WERE rk W 1

Is
Maligned

or just a semialgebraicset

definedby des 0

220 2202 where α Rd Rdi linear
M We Rdu do I rk W min Ido dy.edu

Is M a variety or just a semialgebraicset








































































































Linear MLPs

a b Y M WERE rk W 1

Is
Maligned

or just a semialgebraicset

definedby des 0

220 2202 where α Rd Rdi linear
M We Rdudo I rk W Ended

Is
Malagasy

or just a semialgebraicset

definedby the vanishing of all rtl minors of W








































































































Linear MLPs

a

a b M WERE rk W 1

Is
Maligned

or just a semialgebraicset

definedby des 0

220 2202 where α Rd Rdi linear
M We Rudo I rklW smiled

Is Malarkey or just a semialgebraicset

definedby the vanishing of all rel minors of W

Monomial MLPs o x x 0 0

et o 8

ME R x y Is M a variety or just a semialgebraicset








































































































Intermezzo Zariski topology Dimension

Zariski topology on R closed sets are the algebraicvarieties

TheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

IR

JE
R

EE
mm

What are the Zariskiclosed setsin R








































































































Intermezzo Zariski topology Dimension

Zariski topology on R closed sets are the algebraicvarieties

TheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

IR

JE
R

JE
hm

What are the Zariskiclosed setsin R What are the Zariskiclosed setsin R

R finitelymanypoints








































































































Intermezzo Zariski topology Dimension

Zariski topology on R closed sets are the algebraicvarieties

TheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

IR

JE
R

JE

What are the Zariskiclosed setsin R What are theZariskiclosed setsin R

R finitelymanypoints R finiteunions ofalgebraiccurves points








































































































Intermezzo Zariski topology Dimension

A variety R is imeducible if it is not the union of 2 propersubvrieties
i e there are no varieties X X R s.t X X 0 2

X EX
R

Ex is reducible into 6 irreduciblecomponents

There is a subvariety ΔEX such that I Δ is a smoothmainfold of dimension k
If X is irreducible k is the same for all such Δ k is the dimension of X

dim 1 dim 0








































































































Intermezzo Zariski topology Dimension

A variety R is imeducible if it is not the union of 2 propersubvrieties
i e there are no varieties X X R s.t X X 0 2

X EX
R

Ex is reducible into 6 irreduciblecomponents

Zariskiopenin

There is a subvariety ΔEX such that XTA is a smoothmainfold of dimension k
If X is irreducible k is the same for all such Δ k is the dimension of X

dim 1 dim 0 In general 4 x Theis
dim X max dimXi

For a semialgebraic set XER define dim X dim JJ Zariskiclosure

dim dim 2

I








































































































Intermezzo Zariski topology Dimension

let p X R morphism between irreduciblevarieties

Zariskiclosure

Y p X is irreducible why








































































































Intermezzo Zariski topology Dimension

let p X Rm morphism between irreduciblevarieties

Zariskiclosure

Y p X is irreducible why
almosteverywhere in X

for genericxeX

Jacobian check There is a subvariety ΔEX such that formTX
the rank of the Jacobi matrix Jx p equals dim Y

practical test choose randompoint EX o x x

compute rank file e f o 1
repeat until confident

Computedimension of M ER x y








































































































Intermezzo Zariski topology Dimension

let p X Rm morphism between irreduciblevarieties

Zariskiclosure

Y p X is irreducible why
almosteverywhere in X

for genericxeX

Jacobian check There is a subvariety Δ X such that formTX
the rank of the Jacobi matrix Jx p equals dim Y

practical test choose randompoint EX o x x

compute rank file e f o

repeat until confident
Computedimension of ME R x y

Fact rank Jx y dim Y for all xeX
Why

Finding a singlepoint EX with rank fly m

is enough to show that Y IR








































































































Monomial MLPs 01 1 3 0 0

et o a 1
MER xy Is Ma variety or just a semialgebraicset
dim 4














































Monomial MLPs o x x 0 0

et o 1
MERELY
dime

Is Ma variety or just a selecdoelet

we care

Is M Euclidean closed
00

elax by f extdy

deftly 3 ygx y Labedxy
t b fy



Monomial MLPs o x x 0 0

et o

MERELY
dime

Is Ma variety or just a selecdoated

Is M Euclidean closed

chatwyd
1T parameter

explosion

elax by f extdy

Lqsx Essay Labfdxy t

gy
No e g A 1 M but for a c 1 6 0 e l Jd f we get

B 1 x x y dxy d y
C 0 do

D 0 x x y



CN Ns convolutional neural nets

on 1 dimensional signals withoutbias

220 00 0 0 20 004 where each α is givenby a Toeplitzmatrix of the form
stride

w we wt wait ft o

0 ow way o

Owow wk

Proposition If olx x then CNN neuromanifold M is Endidean closed



CN Ns convolutional neural nets

on 1 dimensional signals withoutbias

220 00 0 20 004 where each α is givenby a Toeplitzmatrix of the form
stride

w we wt wait ft o

0 ow way o

Owow wk

Proposition If olx x then CNN neuromanifold M is Endidean closed

Reason SM
O pila x y

is a projective morphism



Issue Affine space is not Projective space is compact

compact
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affine line IR

projective line IPR R'v11of



Issue Affine space is not Projective space is compact

compact

g
affine line IR f

projective line IPR R'v10

standard construction

PR R 1403 where

Un v fderlio a du

R
Y

Pir set of lines
x in R

throughorigin



Issue Affine space is not Projective space is compact

compact

or

affine line IR f

projective line IPR R'v10

standard construction

PR R 1203 where
compact

Un v deRli0 a du

Ph is the sphere in R after p
at

identifying antipodal points P PR set of lines

As x in RIf is compact in the quotient
topologyof the Euclidean topology on R

throughorigin



Standard fact from topology

p T Tz continuous map between topological spaces
T compact
im y is compact



Standard fact from topology

p T T2 continuous map between topological spaces
T compact

imly is compact

not compact

YMLP R R SRE y
continuous

E let et o 1

Can we projectivize Ump



Ymcp βLet Blef o Y x p prep let

so yup is well behaved under scaling the factors
and it makes sense to consider

me PR Pr PI
Cef Case c f1x 3 a bet chdf x2y

3 able calf xy t betd3fly3

defined up to scaling

BUT what is the issue



Yap x β let βLet o α Y x p prep let

so yup is well behaved under scaling the factors
and it makes sense to consider

map
Prs Pr P2

Cef Case of 3 a be Cdf x2y
3 able calf xy t betd3fly3

defined up to scaling

BUT Incp is not defined everywhere

annot applyE g You 1 13 0 PI
topology fact



Compute all points in Phx Pr where
Ymcp is not defined

This is called the base locus of IMLP



Standard fact from topology

p T Tz continuous map between topological spaces
T compact
im y is compact

Genn R R REX Xs

labia elf ef or

Tax x

can be projectivized Genn Pr Pr P REX 533

laibic e f lef o xD

Compute Flan is definedeverywhere i.e can apply
its base locus is empty topology fact



Hence im INN P REX is compact in Euclideanquotienttop

Since im Yann REX Xs is the affine come over inlifann
it is closed in Euclidean

topology
replace each projective
point by the affine line

1É

represents



Proposition If o x x then CNN neuromanifold M is Endidean closed

Reason SM
O pila x y

is a projective morphism



Proposition If o x x then CNN neuromanifold M is Endidean closed

Reason SM
O pila y

is a projective morphism

Example A linear CNN ax x

4 R xR REX x Rt
labia lift e f

M im e

Zariskiclosure

Compute that dim M 4 ms it is a hypersurface and
this definedby a single equation

Find that equation

Check that base loans of projectivization if P Pi P is empty

Find a point in MIM



Proposition If o x x then CNN neuromanifold M is Endidean closed

Reason SM
O pila x y

is a projective morphism

Example A linear CNN ax x

4 R xR REX x Rt
labia lift e f 1 tax.es c b ex

Zariskiclosure

Compute that dim M 4 ms it is a hypersurface and
this definedby a single equation

Find that equation AD B E BCD 0

Check that base loans of projectivization if P Ri Ph is empty
Find a point in MIM B C D O A E 1



Euclidean boundary

What is the Euclideanboundary of M Andwhydo we care

2
42 1 430
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What is the Euclideanboundary of M Andwhydo we care

2
42 1 430

M Euclidean boundary of M R is M
so its interior is empty



Euclidean boundary

What is the Euclideanboundary of M Andwhydo we care

2
42 1 430

M Euclidean boundary of M R is M
so its interior is empty

zaristiosure

Its boundary in the Euclideantopology on it inheritedfrom R
is 2 points Zarishgue

In general Wewrite 2M for the relative Euclidean boundary ofM inside



Euclidean boundary

What is the Euclideanboundary of M Andwhydo we care

2
42 1 430

M Euclidean boundary of M R is M
so its interior is empty

zaristiosure

Its boundary in the Euclideantopology on it inheritedfrom R
is 2 points Zarishgue

In general Wewrite 2M for the relative Euclidean boundary ofM inside



Voronoi cells

For SER theVoronoi cell at pes is
Vors p Euer I geS ftp

p ullz Uq all

2
42 1 430

M What is the Voronoi cell at me

R What is the Voronoi cell at me



Voronoi cells

For SER theVoronoi cell at pes is
Vors p Euer I geS ftp

p ull Uq all

2
42 1 420

Vory
M or

ER The 2 relative boundary points are theonly
points on M with full dimensionalVoronoi cells

Vory as implicit bias towards 2M

points in 2M are globalminima
with positive probability on data a



Relative Euclidean boundary 2M

2M 1M 2MnM
causes parameter can cause implicitbias

explosion

How to compute 2M



Relative Euclidean boundary 2M

211M 2MnM
causes parameter can cause implicitbias

explosion

How to compute 2M

Let p X R morphism between irreduciblevarieties Y q X

ᵈ

The ramification loans of p is Ramly ExEX rank Jxly dimY

The branch locus of y is Brly y Ramly

What areRamly p x y tax

Brly in thisexample



Relative Euclidean boundary 2M

211M 2MnM
causes parameter can cause implicitbias

explosion

How to compute 2M

Let p X R morphism between irreduciblevarieties Y q X

ᵈ

The ramification loans of p is Ramly ExEX rank Jxly dimY

The branch locus of y is Brly y Ramly X
or

Lemma dimly n imly Brly Q x y Hx
Why or

Is this an equality



Relative Euclidean boundary 2M

211M 2MnM
causes parameter can cause implicitbias

explosion

How to compute 2M

Let p X R morphism between irreduciblevarieties Y q X

ᵈ

The ramification loans of p is Ramly ExEX rank Jxly dimY

The branch locus of y is Brly y Randy
o

Lemma dimly n imly Brly Q x y Hx
Why essentially inversefunction theorem so so

Is this an equality not in general



Compute branch locus 2M in the following examples
challenge

A linear CNN ax x

4 R xR REX x Rt
labia leif e f

A monomial CNN

piano tis still
olx x

A monomial MLP

4 1242 R s R y

041 3

left et o Y



Compute branch locus 2M in the following examples
challenge

A linear CNN ax x

4 R xR REX x Rt
labia e f ef afxitbgxulefsebytx.ec

Ramly 1e f o v b 0 des Ef
Brly YO B D C2 GAE

MELADYBE BCD 0 C YAEZO 11
in fact equality

For any A C E with C 4AE find sequence Ae Ce Ee A C E

such that Be 0 Deco ett

CE 4A E M
2M Brly Brly



Compute branch locus 2M in the following examples
challenge

A monomial CNN

4 R R REX 533

labia e f e f or

Tax x

Ram p e f 0 v a b c o

Brly TO

2M 2M M 203
Euciana

Since M is scaling invariant i.e a projectivevariety where Br g
M M 2M 0



Compute branch locus 2M in the following examples
challenge

A monomial CNN

4 R R REX 533

labia e f e f or

olx x

Ram p e f 0 v a b c 03 Theorem Shahverdi Marchetti K

Brly 0 For everymonomial CNN with
a x xr r 1 withoutbias vectors

2M
Icam

M 103 Ramly M is Zariskiclosed

Since M is scaling invariant i.e a projectivevariety where Br g
M M 21 0



Compute branch locus 2M in the following examples
challenge

A monomial MLP

4 1242 R
R R x y

041 3

et 1 e f o Y elaxtby flexedy

Ramly e 0 v f o Ides Ea 0

Brly ax By α per



Compute branch locus 2M in the following examples
challenge

A monomial MLP

4 1242 R s R y

041 3

elaxtby flexedyet e f o a Y
Ax Brye cxyledy

Ramly e 0 v f o Ides Ed 0

Brly αXtβy α βeR discriminant of

Me YB C 4AC 4BD 27ADUBAEDEO
Recall G R xyls
For ax By consider sequence xx Blyte ax By xx Bly e M

2M Brae



Compute branch locus 2M in the following examples
challenge

A monomial MLP

4 1242 R s R y

041 3

et 1 e f o Y elaxtby flexedy
Ax Bx yt ExyleDy

Ramly e 0 v f o Ides Ed 0

Brly xx By α βeR discriminant of

Me YB C 4AC 4BD 27A De18AEDEO Euclidean desireofM
Recall M R xiy s

For xx By consider sequence xx Blyte ax By xx Bly e M
2M Brae

Challenge Compute I Edidased



Overview no biasvectors

linear monomial
olxl x okl xt.rs

MLPsMZariski closed in general
determinentalvarieties M not Euclidean closed

CNNs M Euclidean closed M Zariski closed
but in general not Zariski closed


