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Linear Convolutional Network (LCN)
with 1D convolutions

= family of functions Rd0 −→ RdL

x 7−→Wx , where W = WL · · ·W1

and Wi = convolutional matrix in the i-th layer

=


wi,0 · · · wi,si · · · wi,ki−1

wi,0 · · · wi,ki−1

. . .
. . .

wi,0 · · · wi,ki−1

 ∈ Rdi×di−1 .

Example: di = 3, ki = 3, si = 2 : Wi =

wi,0 wi,1 wi,2

wi,0 wi,1 wi,2

wi,0 wi,1 wi,2


The LCN architecture is (d , k , s)
where d = (d0, . . . , dL), k = (k1, . . . , kL), s = (s1, . . . , sL).
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Expressivity

The function space of an LCN is

Md ,k,s =
{
W ∈ RdL×d0 : W =

L∏
i=1

Wi , Wi ∈ Rdi×di−1 convolutional
}
.

What is the impact of the architecture on the geometry of the function space?

Obs.: W is a convolutional matrix with filter size k = k1 +
∑L

i=2(ki − 1)
∏i−1

m=1 sm
and stride s =

∏L
i=1 si .

Cor.: Md ,k,s ⊆M(d0,dL),k,s

An architecture (d , k , s) is filling if Md ,k,s =M(d0,dL),k,s .

When does this happen?
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Stride 1
s = (1, . . . , 1)

We identify convolutional matrices with polynomials:
w0 w1 · · · wk−1

w0 w1 · · · wk−1

. . .
. . .

w0 w1 · · · wk−1

 ∼7−→
π

w0xk−1 + w1xk−2y + · · ·+ wk−1yk−1

∈ R[x, y]k−1

Note: π(WL · · ·W1) = π(WL) · · ·π(W1).

Theorem:

1) W ∈Md ,k,s ⇔ π(W ) has at least e := |{ki : ki is even}| real roots
(counting multiplicities)

2) Md ,k,s is a full-dimensional, semialgebraic subset of M(d0,dL),k,s .

3) The architecture (d , k , s) is filling (i.e., Md ,k,s =M(d0,dL),k,s) ⇔ e ≤ 1.
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2 even filter sizes
s = (1, . . . , 1)

π(Md ,k,s) = {P ∈ R[x, y]k−1 : P has ≥ 2 real roots }

R[x, y]k−1 \ π(Md ,k,s) = {P ∈ R[x, y]k−1 : P has no real roots }
= {positive polynomials} ∪ {negative polynomials}
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The boundary of the function space
s = (1, . . . , 1)

P ∈ R[x, y]k−1 has real root multiplicity pattern, short rrmp,
(ρ | γ) = (ρ1, . . . , ρr | γ1, . . . , γc) if it can be written as

P = pρ1

1 · · · p
ρr
r qγ1

1 · · · q
γc
c , where

pi ∈ R[x, y]1 and qj ∈ R[x, y]2 are irreducible and pairwise linearly independent.

Theorem: Let e := |{ki : ki is even}| ≥ 2.

1) W ∈Md ,k,s ⇔ π(W ) has rrmp (ρ | γ) with
∑
ρi ≥ e

2) Md ,k,s is closed in Euclidean topology.

3) W ∈ ∂Md ,k,s ⇔ π(W ) has (ρ | γ) with
∑
ρi ≥ e & |{ρi : ρi is odd}| ≤ e − 2

4) The Zariski closure of ∂Md ,k,s is the discriminant hypersurface.
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Example
k = (2, 2, 2), s = (1, 1, 1)

[
A B C D

]
=

[
a b

] [
c d 0
0 c d

] e f 0 0
0 e f 0
0 0 e f


Ax3 + Bx2y + Cxy2 + Dy3 = (ax + by) (cx + dy) (ex + f y)

Possible rrmp:

111 | 0
12 | 0
3 | 0
1 | 1
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Example
s = (1, . . . , 1)

k = (3, 2, 2) k = (4, 2)
(ax2 + bxy + cy2) · (dx + ey) · (f x + gy) (a′x3 + b′x2y + c ′xy2 + d ′y3) · (e′x + f ′y)

= Ax4 + Bx3y + Cx2y2 + Dxy3 + Ey4

Both architectures have the same function space.

Possible rrmp:

1111 | 0
112 | 0
22 | 0
13 | 0
4 | 0

11 | 11
2 | 11
0 | 11
0 | 2
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Larger strides


w0 · · · ws · · · wk−1

w0 · · · wk−1

. . .
. . .

w0 · · · wk−1

 ∼7−→
πs

w0xs(k−1) + w1xs(k−2)ys + · · ·+ wk−1ys(k−1)

∈ R[xs , ys ]k−1

Note: π(W2W1) = πs1 (W2)π(W1).

Theorem:
If kL > 1 and si > 1 for some i ≤ L− 1, then Md ,k,s is a lower-dimensional
semialgebraic subset of M(d0,dL),k,s . In particular, the architecture is not filling.

Lemma:

1) If k = (k1, . . . , kL−1, 1) and k ′ = (k1, . . . , kL−1), then π(Md ,k,s) = π(Md ,k′,s).

2) If s =(s1, . . . , sL) and s ′=(s1, . . . , sL−1, 1), then π(Md ,k,s) = π(Md ,k,s′).
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D-dimensional convolutions
stride 1

input x : tensor of order D

filter w : tensor of format k(1) × . . .× k(D)

convolutional tensor W of order 2D

can be identified with a polynomial

π(W ) ∈ R[x1, y1, . . . , xD , yD ](k(1)−1,...,k(D)−1)

that is homogeneous of degree k(j) − 1 in each pair xj , yj .

Note: π(WL ◦ · · · ◦W1) = π(WL) · · ·π(W1).

Theorem:
Given an LCN with D > 1, L > 1 and non-trivial filter sizes, the function space is a
lower-dimensional semialgebraic subset of π−1R[x1, y1, . . . , xD , yD ](k(1)−1,...,k(D)−1).
In particular, the architecture is not filling.
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Critical points of the loss

Assume: 1D convolutions with stride 1

A loss of an LCN is a function L = ` ◦ µ where

µ : (W1, . . . ,WL) 7→W = WL · · ·W1 and

` is a smooth function on M(d0,dL),k,s .

How are critical points in function space and critical points in parameter space
related?

If W ∈ Crit(`|Md,k,s ), then µ−1(W ) ⊂ Crit(L).

If (W1, . . . ,WL) ∈ Crit(L), then W = WL · · ·W1 ∈ ?
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Fibers in parameter space
Scaling equivalence classes:

(W1, . . . ,WL) ∼ (W ′1, . . . ,W
′
L) if ∃α1, . . . , αL ∈ R : α1 · · ·αL = 1,W ′i = αiWi

Proposition: Let W ∈Md ,k,s \ {0}. Then

1) µ−1(W ) consists of finitely many scaling equivalence classes.

2) Either all parameters in the same equivalence class are critical or none are.
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ρr
r qγ1

1 · · · q
γc
c ,
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π(WL) ∈ R[x, y]kL−1, . . . , π(W1) ∈ R[x, y]k1−1

∑
ρi balls of size 1,∑
γj balls of size 2,y

bins of sizes kL − 1, . . . , k1 − 1
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Numerical experiments
square loss & gradient descent

If W ∈ Crit(`|Md,k,s ), then µ−1(W ) ⊂ Crit(L).

If (W1, . . . ,WL) ∈ Crit(L), then W = WL · · ·W1 ∈ ?

k = (4, 2)
initialization 1111|0

target % solution % mean loss
1111|0 5.28 1111|0 100 3.04e-15
11|1 72.6 112|0 15.5 0.228

11|1 83.2 1.94e-15
2|1 1.36 0.54

0|11 22.1 112|0 7.85 0.347
2|1 92.2 0.231

interior of Md ,k,s
∂Md ,k,s
complement of Md ,k,s

k = (3, 2, 2)
initialization 1111|0

target % solution % mean loss
1111|0 4.82 1111|0 99.6 4.68e-15

13|0 0.429 0.71
11|1 72.9 112|0 27.1 0.221

22|0 1.28 0.992
13|0 25.8 0.798
11|1 45.5 1.78e-15
2|1 0.381 0.446

0|11 22.3 112|0 11.2 0.374
22|0 25.5 0.855
13|0 7.1 0.895
2|1 56.2 0.224
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Critical points of the loss

If (W1, . . . ,WL) ∈ Crit(L), then W = WL · · ·W1 ∈ ?

For (ρ | γ) we define ∆(ρ|γ) := {W ∈M(d0,dL),k,s : π(W ) has rrmp (ρ | γ)}.

Theorem: Let W = WL · · ·W1 ∈ ∆(ρ|γ).

1) If (W1, . . . ,WL) ∈ Crit(L), then W ∈ Crit(`|∆(ρ|γ)
).

2) If W ∈ Crit(`|∆(ρ|γ)
) and no π(Wi ) has a double root, then

(W1, . . . ,WL) ∈ Crit(L).

3) For the square loss with generic training data, 2) becomes an “if and only if”.
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Finding all critical points in parameter space
for the square loss with generated data

1) List all rrmp (ρ | γ) of polynomials of degree k − 1.

2) For each (ρ | γ), decide if polynomials with rrmp (ρ | γ) can be factored
according to the architecture such that no factor has a double root.

π(W ) = pρ1
1 · · · p

ρr
r qγ1

1 · · · q
γc
c ,

pi ∈ R[x, y]1, qj ∈ R[x, y]2y
π(WL) ∈ R[x, y]kL−1, . . . , π(W1) ∈ R[x, y]k1−1

s.t. no π(Wi ) has a double root

ρi balls of size 1 and color i ,

γj balls of size 2 and color −j ,y
bins of sizes kL − 1, . . . , k1 − 1

s.t. no bin has 2 balls of the same color

We call such (ρ | γ) compatible with the architecture.

3) For each compatible (ρ | γ), determine all W ∈ Crit(`|∆(ρ|γ)
).

4) For each W obtained in 3), find all compatible factorizations W = WL · · ·W1.

In particular:
Crit(L) consists of finitely many scaling equivalence classes.
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Example
Compatible architectures with factorizations:

ρ|γ 1111|0 112|0 22|0 13|0 4|0 11|1 2|1 0|2 0|11
k = (3, 2, 2) p1p2·p3·p4 p1p2·p3·p3 p1p2·p1·p2 p1p2·p2·p2 − q1·p1·p2 q1·p1·p1 − −
k = (4, 2) p1p2p3·p4 p1p2p3·p3 − − − p1q1·p2 p1q1·p1 − −

k = (4, 2)
initialization 1111|0

target % solution % mean loss
1111|0 5.28 1111|0 100 3.04e-15
11|1 72.6 112|0 15.5 0.228

11|1 83.2 1.94e-15
2|1 1.36 0.54

0|11 22.1 112|0 7.85 0.347
2|1 92.2 0.231

interior of Md ,k,s
∂Md ,k,s
complement of Md ,k,s

k = (3, 2, 2)
initialization 1111|0

target % solution % mean loss
1111|0 4.82 1111|0 99.6 4.68e-15

13|0 0.429 0.71
11|1 72.9 112|0 27.1 0.221

22|0 1.28 0.992
13|0 25.8 0.798
11|1 45.5 1.78e-15
2|1 0.381 0.446

0|11 22.3 112|0 11.2 0.374
22|0 25.5 0.855
13|0 7.1 0.895
2|1 56.2 0.224
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Invariants of gradient flow

If the initialization of gradient descent in known, there are only finitely many points
in Crit(L) that gradient descent can reach.

Theorem: Let wi ∈ Rki be the filter of Wi . If ω(t) = (w1(t), . . . ,wL(t)) is an
integral curve for the negative gradient field of L (i.e., ω̇(t) = −∇L(ω(t)) ), then

δij(t) := ‖wi (t)‖2 − ‖wj(t)‖2 for 1 ≤ i , j ≤ L

remain constant for all t ∈ R.

Corollary: Let δij ∈ R be fixed for 1 ≤ i , j ≤ L.
For any (W1, . . . ,WL), there are only finitely many (α1, . . . , αL) ∈ RL such that
α1 · · ·αL = 1 and the invariants of (α1W1, . . . , αLWL) are the δij .
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I The geometry of the function space

II Optimization

III Summary / Comparison to fully-connected networks



fully-connected linear network

function space M
= { rank-bounded matrices }
= algebraic variety
defined by polynomial equations

If ` convex:
L has non-global minima
⇔ `|M has non-global minima.

Reason:
critical points induced by the
parametrization µ are always saddles

LCN

function space M
= { polynomials with certain factorizations }
= semialgebraic set
defined by polynomial equations & inequalities

L can have non-global minima
even if M is a vector space
and ` is convex.

Reason:
critical points induced by the
parametrization µ can be non-global minima
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