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M = function space / neuromanifold, L = # layers
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training a network

Given training data D, the goal is to minimize the loss
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Geometric questions:

¢ How does the network architecture affect the geometry of the function
space?

¢ How does the geometry of the function space impact the training of the
network?

In this talk:
What is the impact of changing from dense layers to convolutional layers?



linear dense networks
In this example:

i R2><4 % R3><2 S R3><4
(Wl, W2) o> W2W1.




linear dense networks
In this example:

i R2><4 % R3><2 S R3><4
(Wl, W2) o> W2W1.

M = {W € R¥* | rank(W) < 2}




linear dense networks
In this example:

i R2><4 % R3><2 S ]R3><4
(Wl, W2) o> W2W1.

M = {W € R¥* | rank(W) < 2}

In general:
M:RlekO XszXkl S XRkLXkL_l RkLXkO,

(Wl,WQ,...,WL)i—> WL'~~W2W1.

M = {W € Rkxko | rank(W) < min(ko, ...,k )} is an algebraic variety and
we know its singularities etc.
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Linear Convolutional Networks (LCNs)

with 1D-convolutions

e RPoelRe RS,

(4, v) — Ty 1T, 2, where

T up U3 U 0] 0]
2 =
P e 0P80 o <ur - Uo
O' Tii=T ]
In general: g : (wy,...,wp) = T, s = - Twy,s, Where
WO ... Ws e Wkil
WO DR Wk—]_
Tws= :

)
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is a convolutional matrix of stride s with filter w



LCNs & sparse polynomial factorization
Observation: p(wy,...,w ) =T,

s, Tw,s 1S again a convolutional
matrix of stride s;---5s;.



LCNs & sparse polynomial factorization

Observation: p(wi,...,w ) = T, s, - Tuy,s is again a convolutional
matrix of stride s; - - - s;. Its filter can be computed via polynomial

multiplication:



LCNs & sparse polynomial factorization

Observation: p(wi,...,w ) = T, s, - Tuy,s is again a convolutional

matrix of stride s; - - - s;. Its filter can be computed via polynomial
multiplication:

For S € Z>0, let
g RS R[Xs]gk,l,

V— voxs(kfl) 4 les(k*2) S vk,gxs <= V]



LCNs & sparse polynomial factorization

Observation: p(wi,...,w ) = T, s, - Tuy,s is again a convolutional
matrix of stride s; - - - s;. Its filter can be computed via polynomial
multiplication:

For S € Z>0, let
.k S
s . R* — R[X ]gkfl,
V— voxs(kfl) 4 les(k*2) S vk,gxs <= V]

and ms( Ty/s) := ms(w).; Then:



LCNs & sparse polynomial factorization

Observation: p(wi,...,w ) = T, s, - Tuy,s is again a convolutional
matrix of stride s; - - - s;. Its filter can be computed via polynomial
multiplication:

For S € Z>0, let
e RF —s R[Xs]gk,l,
V— voxs(kfl) 4 les(k*2) S vk,gxs <= V]
and ms( Ty/s) := ms(w).; Then:

71'1(,LL(W17 Wi WL)) = WSL(WL) 0 ~7'('51(W1), where 5,' ool T (R T A



LCNs & sparse polynomial factorization

Observation: p(wi,...,w ) = T, s, - Tuy,s is again a convolutional

matrix of stride s; - - - s;. Its filter can be computed via polynomial
multiplication:

For S € Z>0, let
e RF —s R[Xs]gk,l,
V— voxs(kfl) 4 les(k*2) S vk,gxs <= V]
and ms( Ty/s) := ms(w).; Then:

71'1(,LL(W17 Wi WL)) = WSL(WL) 0 ~7'('51(W1), where 5,' ool T (R T A

Hence, we reinterpret p as

K R[XSI]Sdl XX R[XSL]SdL = R[X]Sd151+...+d1_5u
(Pl,...,PL)'—> PLH-Pl
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LCN function spaces
1 R <g, X ... x R[x*<g, — R[x]<d, where d := 3", d:5;
(Pl,...,PL) bt PL"'PI;

Theorem: The function space My s = im(yu) is a semi-algebraic,
Euclidean-closed subset of R[x]<4 of dimension di + ...+ d; + 1.

Corollary: Mg s is full-dimensional in R[x]<4 if and only if all strides s; = 1.
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LCN function spaces

1R gy X oo X R[x]<q, — R[x]<d, where d := 3", d;5;
Vi s B W i B

Example: s = (1,1) and d = (1,1).
= Mg s = im(u) = { quadratic polynomials with 2 real roots }

Example: s = (1,1) and d = (1,2)
= My s = im(p) = { all cubic polynomials }

Proposition: s =(1,1,...,1) and d = (d1, d>, ..., dL).
= Mg s = im(p) = R[x]<q if and only if at most one d; is odd.
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LCN function spaces

1 Rx<g X ... x R[x*|<g, — R[x]<d, where d := ", d:5;
(Pl,...,PL)'—> PL‘-'Pl,

w: Rlx]<2 X R[X2]§1 — R[x]<a e Rlx]<1 X R[x]<1 X R[X2]§1 — R[x]<a

T Mas={(a+bx+c?)(d+ex?)|a...,ecR}
:{A+BX+CX2+DX3+EX4‘AD2+B2E:BCD, C2Z4AE}
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Convolutional Tensors
A convolution on D-dimensional signals is defined using a filter w of format

k(l) o6 85% k(D)

and a stride tuple s = (stBe 0 s(B)) e Zgo

The convolution is a linear map «, that produces an output tensor of format
d® x ... x d®) from an input tensor X of format
(DD — 1) + kD) x - x (D)) - 1) + kDY);

kM —1 k(P)—1

(aWS ll: Al § : E : Wii,...db /15 +11, +ips(P)+jp

1=0 Jp=0
for im-=0sF —egdli)-— 1

This linear map is represented by a 2D-dimensional convolutional tensor T of
format

dD ... x 4(D) « (5(1)(d(1) ey k(l)) e Y (S(D)(d(D) il k(D))



Convolutional Tensors

Example: D =2, s=(1,1), filter w of format 2 x 2:

The convolution of the input

* %
Xo— |fEesro
©) ©

with filter w yields an output of size 2 x 1.
The associated convolutional tensor T € R2*1%3%2 a5 the slices:
Woo Wo1 0] 0]

Too:: = |wio Wit and Tio. = |wpo Wo1
0] 0] wio Wwii
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LCNs

A linear convolutional network composes L such convolutions, yielding
another convolution!

The end-to-end convolution has:
& Stride: (s{l) e sﬁl), s 5§D) . -siD))
o Filter computed via polynomial multiplication:

For
& X (a,- sy
s 5= (st =db)
& K= (KL nsy
we denote by
R[x°]<k-1

the vector space of polynomials of degree at most k(™ — 1 in PR

s(m)
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LCNs & sparse polynomial factorization

We identify the space R[x*]<\_1 with the tensor space Rk xk(®),

R e (D)
: Dj SP);
T 1 V Z Z Vi ,,Dxl e
=0 ip=0

Proposition: m(; 1) of the end-to-end filter is

ms, (we) - - s, (wa),

m) o)

where S;

This is factorization is typically unique!
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Abstract
In this paper, we study linear convolutional networks with one= d1mens10nal filters and arbi-
trary strides. The neuromanifold of such a network is a semialgebraic set, represented by a
space of polynomials admitting specific factorizations. Introducing a recursive algorithm, we
generate polynomial equations whose common zero locus corresponds to the Zariski closure
of the corresponding neuromanifold. Furthermore, we explore the algebraic complexity of
training these networks employing tools from metric algebraic geometry. Our findings reveal
that the number of all complex critical points in the optimization of such a network is equal
to the generic Euclidean distance degree of a Segre variety. Notably, this count significantly
surpasses the number of critical points encountered in the training of a fully connected linear
network with the same number of parameters.

Keywords Function space description of neural networks - Linear networks - Euclidean
distance degree - Critical points




