Neuroalgebraic Geometry

Z Q SWEDISH
Lalh eiKohy S FOUNDATIONS'®
G STARTING GRANT
\NNS P i, e @ Ragnar Soderbergs
QQZSIDKTH‘%% \‘{' STIFTELSE
d Ig I ta I fu l-u res Q%g;{gb‘g%@ @ Goran Gustafssons Stiftelser

Why does deep learning work?

a hew and complementary approach



deep learning in a nutshell
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parameter space function Space Goal:

find 6 that minimize

6 : : fo : A L(fe)
learnable weights network function loss value
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deep learning in a nutshell

neuromanifold (Amari et. al 2001)
/ extremely hard to understand!

Idea:
study polynomial
networks

parameter space function Space Goal:

find 6 that minimize

6 : - fo : B L(fe)
learnable weights network function loss value



Polynomial neural networks strike an amazing balance

since they are:

Tractable

v" Polynomial networks are the only
ones whose neuromanifold lives in a
finite-dimensional vector space
[univ. appr. thm.]

v' Can use algebraic geometry

parameter space neuromanifold General

v’ Arbitrary network can be
approximated with polynomial ones

6 : =% fg
learnable weights network function



examples

multilayer perceptron (MLP) or convolutional neural network (CNN):
Q °0°.°0°0,°0°Q,
a.: learnable affine linear functions

O: nonlinear activation function If o is a polynomial, then the network is polynomial!



examples

multilayer perceptron (MLP) or convolutional neural network (CNN):
Q °0°.°0°0,°0°Q,
a.: learnable affine linear functions

O: nonlinear activation function If o is a polynomial, then the network is polynomial!

The core of a transformer network is the self-attention mechanism that — in its
unnormalized version —is a cubic function in the entries of a matrix X:

X—VXXTK'QX
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existing approach:

neural tangent kernel

target NN

increase
width

oco-width NN

studies linearized models
in co-dimensional ambient space

aims to draw conclusions
from the limit

new approach:

algebraic neural network theory

algebraic NNs

polynomial
approximation

target NN

studies nonlinear models

in finite-dimensional ambient space

aims to draw conclusions
in the limit
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@ and solutions that generalize better (Kohn et. al)
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singularities of neuromanifolds ﬁ\

@ can cause numerical instability and slow leaning (Amari et. al)

@ and solutions that generalize better (Kohn et. al)

Voronoi cell

= {u closest to singularity}
is full-dimensional

the singularity is a stable solution => implicit bias to singularity

Conjecture: Singularities of neuromanifold are sparse subnetworks (proven for MLPs and CNNs).
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Theorem 1:

Let c € M. Set
Y, =span{oc(w-x+0):w € R",0 € R}

Then ¥, is dense in C(R"™) if and only if o is not an algebraic polynomial (a.e.).



(ivesd Apprsanaron Theorem

Leshno, Lin, Pivkuns, Sdwockym: \\u\x\\u\u Seadborund winolis wi o
Wow - Qonolbhak  cliundiow Raacdion o aggroxnole ouy Famcdnn .
Nurseh Newosds 6, (483 ¢

Theorem 1:

Let c € M. Set
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Neural Tangent Kernel: Convergence and Generalization in Neural Networks

Arthur Jacot, Franck Gabriel, Clement Hongler

Advances in Neural Information Processing Systems 31 (NeurlPS 2018)
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Identifiable Equivariant Networks are Layerwise Equivariant

Vahid Shahverdi*! Giovanni Luca Marchetti*' Georg Bokman“? Kathlén Kohn "'

Abstract

We investigate the relation between end-to-end
equivariance and layerwise equivariance in deep
neural networks. We prove the following: For a
network whose end-to-end function is equivari-
ant with respect to group actions on the input and
output spaces, there is a parameter choice yield-
ing the same end-to-end function such that its
layers are equivariant with respect to some group
actions on the latent spaces. Our result assumes
that the parameters of the model are identifiable
in an appropriate sense. This identifiability prop-
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Figure 1. An image segmentation model is equivariant to rotations M* 81 Uun Vs OV\-A— .
of the image. Our main result implies that the group action on the R

input propagates through the network via latent symmetries (e.g.,

neuron permutations), until it reaches the output.
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Abstract

We investigate the relation between end-to-end
equivariance and layerwise equivariance in deep
neural networks. We prove the following: For a
network whose end-to-end function is equivari-
ant with respect to group actions on the input and
output spaces, there is a parameter choice yield-
ing the same end-to-end function such that its
layers are equivariant with respect to some group
actions on the latent spaces. Our result assumes
that the parameters of the model are identifiable
in an appropriate sense. This identifiability prop-

(a) Autoencoder with Tanh.

Figure 2. First-layer weights of MLPs trained
on CIFAR10. Each square is a filter that maps
an input RGB image to a single neuron of the
subsequent layer. The filters have been sorted
for illustrative purposes, with different filter
categories highlighted by different colors.

(b) Classifier with Tanh.
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Figure 1. An image segmentation model is equivariant to rotations
of the image. Our main result implies that the group action on the
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input propagates through the network via latent symmetries (e.g.,

neuron permutations), until it reaches the output.
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(c) Autoencoder with GELU.
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(d) Classifier with GELU.

Pink: Filters with a left-to-right mirrored copy (shown adjacent).
Light Blue: Filters with a left-to-right mirrored negated copy (shown adjacent).

Gold: Filters with a negated copy (shown adjacent).

Purple: Left-to-right symmetric.
Dark Blue: Left-to-right anti-symmetric.

Gray: Filters that do not fit into the other categories.




Position: Algebra Unveils Deep Learning
An Invitation to Neuroalgebraic Geometry

Giovanni Luca Marchetti ' Vahid Shahverdi "' Stefano Mereta’' Matthew Trager *> Kathlén Kohn "'

Abstract

In this position paper, we promote the study of
function spaces parameterized by machine learn-
ing models through the lens of algebraic geome-
try. To this end. we focus on algebraic models,
such as neural networks with polynomial activa-

ICML 2025 Spotlight

machine learning

algebraic geometry

subnetworks & implicit bias
sample complexity & expressivity
identifiability & invariance

optimization & gradient descent

singularities
dimension, degree, covering number
fibers

critical point theory, discriminants,
dynamical invariants



Position: Algebra Unveils Deep Learning . :
An Invitation to Neuroalgebraic Geometry machine learni ng

algebraic geometry

subnetworks & implicit bias

Giovanni Luca Marchetti ' Vahid Shahverdi "' Stefano Mereta’' Matthew Trager *> Kathlén Kohn "'

sample complexity & expressivity

Abstract | identifiability & invariance
In this position paper, we promote the study of .
function spaces parameterized by machine learn- / (o) pt| m |Zat|o N & gra d | ent des cent
ing models through the lens of algebraic geome- (
try. To this end. we focus on algebraic models,
such as neural networks with polynomial activa-

ICML 2025 Spotlight

Goals:

@ Develop a complete catalog between:

singularities
dimension, degree, covering number
fibers

critical point theory, discriminants,
dynamical invariants

architecture geometry of
choices neuromanifold

network training
& learning

@ Devise mathematically grounded design strategies for neural networks.



algebraic neural network theory — an emerging field
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This page lists papers on the theory of algebraic neural networks.*
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CNN Linear Learning Dynamics

The Riemannian Geometry associated to
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Algebra Unveils Deep Learning - An Invitation to Neuroalgebraic Geometry

Marchetti, Shahverdi, Mereta, Trager, Kohn
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Algebraic Robustness Verification of Neural
Networks
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MLP Monomial Expressivity

Optimization Degree
Geometry and Optimization of Shallow
Polynomial Networks
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SIAM Journal on Applied Algebra and Geometry - 2026
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