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Why does deep learning work? 
-------

a new and complementary approach
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parameter space function space

θ
learnable weights

fθ
network function

L(fθ)
loss value

Goal:
find θ that minimize

neuromanifold (Amari et. al 2001)

extremely hard to understand!

Idea:
study polynomial

networks



Polynomial neural networks strike an amazing balance

parameter space neuromanifold

θ
learnable weights

fθ
network function

since they are:

Tractable
✓ Polynomial networks are the only 

ones whose neuromanifold lives in a 
finite-dimensional vector space
[univ. appr. thm.]

✓ Can use algebraic geometry

General
✓ Arbitrary network can be 

approximated with polynomial ones



examples

multilayer perceptron (MLP) or convolutional neural network (CNN):

αL o σ o … o σ o  α2 o σ o α1
αi: learnable affine linear functions
σ: nonlinear activation function         If σ is a polynomial, then the network is polynomial!
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multilayer perceptron (MLP) or convolutional neural network (CNN):

αL o σ o … o σ o  α2 o σ o α1
αi: learnable affine linear functions
σ: nonlinear activation function         If σ is a polynomial, then the network is polynomial!

The core of a transformer network is the self-attention mechanism that – in its 
unnormalized version – is a cubic function in the entries of a matrix X:

X       V XXT KTQ X

self-attention
neuromanifold
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existing approach: new approach:

neural tangent kernel algebraic neural network theory

target NN algebraic NNs

∞-width NN target NN

increase
width

polynomial
approximation

studies linearized models
in ∞-dimensional ambient space

aims to draw conclusions
from the limit

studies nonlinear models
in finite-dimensional ambient space

aims to draw conclusions
in the limit
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singularities of neuromanifolds

can cause numerical instability and slow leaning (Amari et. al)

and solutions that generalize better (Kohn et. al)

the singularity is a stable solution 

Voronoi cell 
= {u closest to singularity}

is full-dimensional

=> implicit bias to singularity

Conjecture: Singularities of neuromanifold are sparse subnetworks (proven for MLPs and CNNs).








































































































Example MLP
k multilayerperceptions

20 0 0 0 0 0 α 0 0 0 α

α learnable affine linear functions
o nonlinear activation function applied entrywise

we assume o is a univariate polynomial

Ex o x x 0 0

et o a

Which functions does this MLP parametrize








































































































Ex o x x 0 0

et o 8
Which functions does this MLP parametrize

e ax by f extdy

Effx cagey Lefty
Can you obtain all of R xiy 2

homogeneous quadratic polynomials in Xy
i e are all values for A B C possible








































































































Ex sigmaleftxrightx2

leftbeginmatrixefendmatrixrightsigmaleftleftbeginmatrixabcdendmatrixrightleftbeginmatrixxyendmatrixrightright
Which functions does this MLP parametrize

eleftaxbyright2fleftcxdyright2lefta2ec2frightx22leftabecdfrightxyleftb2ed2frighty2
BA c

Can you obtain all of mathbbRleftxyright2
i e are all values for ABC possible

YEShomogeneous
quadratic polynomials in xy

What about Gleftxrightx3








































































































Ex o x x 0 0

et o

Which functions does this MLP parametrize

e ax by f extdy

affix Lrgxy Labegxy t

gy
Can you obtain all of R xiy z

homogeneous cubic polynomials in Xy
i e are all values for A B C D possible








































































































Ex o x x 0 0

et o E 1
Which functions does this MLP parametrize

e ax by f extdy

affix Lrgxy Labedxy t

gy
Can you obtain all of R xiy z

homogeneous cubic polynomials in Xy
i e are all values for A B C D possible

No e g A 1
B O

C 1

D 0








































































































NeuromanifoldsA
parametric machine learning model is a map muthetatimesXrightarrowY

parametersoutputsinputsItsneuromanifold is muleftmuleftthetacdotrightXrightarrowYthetainthetaright

no bias vectors
linear layerfunctionsExample

MLPs

MmathbbRleftxyright2oleftxrightx2

sigmaleftxrightx3 MneqmathbbRleftxyright3








































































































Polynomial MLPs alpha2circsigmacircldotscircsigmacircalpha2circsigmacircalpha1 where

alphai R di1 mathbbRdi affine linear
sigmainmathbbRleftxrightleqdelta

M lives in a finite dimensional vector space namely

leftmathbbRleftx1ldotsxd0rightdeltaL1rightdL








































































































Polynomial MLPs alpha2circsigmacircldotscircsigmacircalpha2circsigmacircalpha1 where

alphai Rd 11 mathbbRdi affine linear
sigmainmathbbRleftxrightleqdelta

M lives in a finite dimensional vector space namely

leftmathbbRleftx1ldotsxd0rightdeltaL1rightdL

Polynomial MLPs are the only ones with that property













































































Universal Approximation Theorem
Leshno Lin Pinkus Schocken Multilayer feedforwardnetworkswith a

non polynomial activation function can approximateany function
Neural Networks 6 1993













































































Universal Approximation Theorem
Leshno Lin Pinkus Schocken Multilayer feedforwardnetworkswith a

non polynomial activation function can approximateany function
Neural Networks 6 1993

AG approach

polynomials are the choice
to approximate networks with algebraic nonlinearmodels in
finite dimensional models network finitedimensionalambientspaces

superstatt

target
network








































































































algebraicgeometryneuraltangentkernel

NTK approachA G
approachnonlinear

models in
finitedimensionalambientspacesalgebraicnetworktarget

networkStoneWeierstrassincrease
widthso
width
network

linearizedmodels

of a
dimensiontarget

network








































































































Networktraining distance

minimizationLetmusubseteqVleftmathbbRleftX1ldotsXd0rightDrightdL 1
neuromanifold

SsubseteqmathbbRd0timesmathbbRd2 finite dataset
meansquared

errorMSEloss Lleftfrightsum_leftabrightinSleftfleftarightbright2

VProposition
M

distleftfgright0 possible for fneqg
g There is a pseudometric dist VtimesVrightarrowmathbbRgeq0 and some ginV

such that minimizing fleftFright over tinM is equivalent to

minimizing dist leftfgright over finM








































































































Loss Landscape µ.FI
M plo GO

ICO Lifo be If








































































































Loss Landscape a I
M pco GO

ICO Lifo be If

can be studied in a decoupledway

M R
1 fo

loss landscape in functionspace

f f f fer V R








































































































Loss Landscape a I
M p o GO

Q L fol be If

can be studied in a decoupledway

M R
1 fo

loss landscape in functionspace

f f f fer V R

Geometry of M affects loss landscape

How

Which geometricpropertiesdoesM have








































































































Geometry of Neuromanifolds

muthetatimesXrightarrowY polynomial in both thetainOxinX

What kindof object is mu2ominus

Mmuleftthetacdotrightthetacdot








































































































Geometry of Neuromanifolds

pr x X Y polynomial in bothOEO xeX

M What kindof object is M
1

p

A semialgebraic set

describableby
polynomial equations

inequalities

Euclidean distance
minimization can be

implicitly biased to

singularities boundaries of M










































































































Voronoi cells

For SER theVoronoi cell at pes is
Vors p Euer I geS ftp

p ull Uq all

2
42 1 430

M What is the Voronoi cell at me

R What is the Voronoi cell at me










































































































Voronoi cells

For SER theVoronoi cell at pes is
Vors p Euer I geS ftp

p ullz Uq all

2
42 1 420

Vory
M so

ER The 2 relative boundary points are theonly
points on M with full dimensionalVoronoi cells

Vory as implicit bias towards 2M

points in 2M are globalminima
with positive probability on data a








































































































singularities

What are the Voronoi cells at and








































































































singularities

a

Challenge Compute
this cave

44
3
0

the tits

f

me implicit bias towards singer

What are the Voronoi cells at and








































































































singularities

44
3
0 J

Thallenge Computethis cave

the t 3 as implicit bias towards singM

What are the Voronoi cells at and

Tradeoff

learningclose to singularity singular solution generalizesbetter
ms slow numerical instability stableglobalminimumwhenperturbing data

Amari et al Conjecture singularitiesofneuromanifolds

are sparsesubnetworks

we'veproventhis for MPs CNNS








































































































singularities

iddots Challenge Compute
this cave

y2x30trightarrowleftt2t3right as implicit bias towards singM

What are the Voronoi cells at and

Tradeoff

learningclose to singularity
slow numerical instability
Amarietal

singular solution generalizesbetter
stableglobalminimumwhenperturbing data

Conjecture singularitiesofneuromanifolds

are sparsesubnetworks

we'veproventhis for MPs CNNS

In general dependson type of singularity








































































































o x generic
polynomial
oflarge
degree

Thesesingularities have thattradeoff while these don't

In both cases they are sparsesubnetworks








































































































Singularities are lessentially determined by
theparametersymmetries of the network

mu1leftfrightleftthetainthetamulefttheta1cdotrightfright for ftM








































































Singularities are lessentially determined by
theparametersymmetries of the network

mu1leftfrightleftthetainthetamulefttheta1cdotrightfright for ftM

sigmaleftxright generic
polynomial
oflarge
degree

leftmu1leftfrightright1mu1leftfright newonfor almostall

fpermutationsfor
subnetworks fleftmu1leftfrightrightinfty 1leftmu1leftfrightrightinfty



WallenbergAdvanced ScientificForum

Symmetries in Neural Networks

Sept 29 Oct 2 2026

SwedenInteractive
problem solving workshop

Develop systematictools to

identify computesymmetries

determine their impact on training
generalization scalability reliability

2 open slots
Non Sweden

Participantsapplywithcvmotivationi.kathlen kth.se
byApril30



August 17

19Umearegister

here
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fleftbeginmatrix20endmatrixrightsigmaleftleftbeginmatrix1123endmatrixrightleftbeginmatrixxyendmatrixrightright
invariantunder S2 butis

not equivariant

fleftbeginmatrix20endmatrixrightsigmaleftleftbeginmatrix1100endmatrixrightrightyx
is laperwise equivariant I
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machine learning algebraic geometry

subnetworks & implicit bias singularities

sample complexity & expressivity dimension, degree, covering number

identifiability & invariance fibers

optimization & gradient descent critical point theory, discriminants, 
dynamical invariants

ICML 2025 Spotlight



machine learning algebraic geometry

subnetworks & implicit bias singularities

sample complexity & expressivity dimension, degree, covering number

identifiability & invariance fibers

optimization & gradient descent critical point theory, discriminants, 
dynamical invariants

ICML 2025 Spotlight

Goals:
Develop a complete catalog between:

architecture
choices

geometry of
neuromanifold

network training
& learning

Devise mathematically grounded design strategies for neural networks.



algebraic neural network theory – an emerging field
Kileel, Trager, Bruna: On the expressive power of deep polynomial neural networks.  NeurIPS 2019.

Trager, Kohn, Bruna: Pure and spurious critical points: a geometric study of linear networks. ICLR 2020.
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