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Diameter

Diameter

Definition

Let G = (V, E) be a graph, u,v € V.
» n:=|V|, m:=|E|
» distance: d(u, v)= length of shortest path between u and v
» diameter: diam(G) := max d(u,v)

)
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Diameter

Diameter

Definition

Let G = (V, E) be a graph, u,v € V.
» n:=|V|, m:=|E|
» distance: d(u, v)= length of shortest path between u and v
» diameter: diam(G) := ma d(u,v)

Computing the diameter:

» breadth-first search from every v € V
= running time: O(n - (n+ m))
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Diameter

Diameter

Definition
Let G = (V, E) be a graph, u,v € V.
» n:=|V|, m:=|E|
» distance: d(u, v)= length of shortest path between u and v
» diameter: diam(G) := ma d(u,v)
Computing the diameter:
» breadth-first search from every v € V
= running time: O(n - (n+ m))
» connected G, algorithm using matrix multiplication
= running time: O(M(n) log n)
——

time for nx n-matrix multiplication, M(n)€ O(n?-37%7)
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Diameter - Lower bounds?
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Diameter - Lower bounds?

Model of computation: DistributedRound(B)
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Diameter

Diameter - Lower bounds?

Model of computation: DistributedRound(B)
» given graph G = (V,E)
» nodes have unbounded computational power

» nodes know theirselves and their neighbours
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Diameter

Diameter - Lower bounds?

Model of computation: DistributedRound(B)
» given graph G = (V,E)

nodes have unbounded computational power

v

v

nodes know theirselves and their neighbours

v

round based model: each node can send B bits over each
incident edge in one round
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Diameter

Diameter - Lower bounds?

Model of computation: DistributedRound(B)

>

>

>

given graph G = (V,E)
nodes have unbounded computational power
nodes know theirselves and their neighbours

round based model: each node can send B bits over each
incident edge in one round

goal: evaluate g : {G = (V, E) graph | |V| = n} — {0,1}
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Diameter

Diameter - Lower bounds?
Model of computation: DistributedRound(B)
> given graph G = (V, E)
» nodes have unbounded computational power
» nodes know theirselves and their neighbours
>

round based model: each node can send B bits over each incident edge in
one round

> goal: evaluate g : {G = (V, E) graph | |V| =n} — {0,1}

Definition
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Diameter

Diameter - Lower bounds?
Model of computation: DistributedRound(B)
> given graph G = (V, E)
» nodes have unbounded computational power
» nodes know theirselves and their neighbours
>

round based model: each node can send B bits over each incident edge in
one round

> goal: evaluate g : {G = (V, E) graph | |V| =n} — {0,1}
Definition

distributed, evaluating g,
» A, := (¢ A algorithm | using randomness,
error probability < e
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Diameter

Diameter - Lower bounds?
Model of computation: DistributedRound(B)
> given graph G = (V, E)
» nodes have unbounded computational power
» nodes know theirselves and their neighbours
>

round based model: each node can send B bits over each incident edge in
one round

> goal: evaluate g : {G = (V, E) graph | |V| =n} — {0,1}
Definition

distributed, evaluating g,
» A, := (¢ A algorithm | using randomness,
error probability < e

» RI(A(G))= number of rounds A € A, needs in order to
compute g(G)
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Diameter

Diameter - Lower bounds?
Model of computation: DistributedRound(B)
> given graph G = (V, E)
» nodes have unbounded computational power
» nodes know theirselves and their neighbours
>

round based model: each node can send B bits over each incident edge in
one round

> goal: evaluate g : {G = (V, E) graph | |V| =n} — {0,1}
Definition

distributed, evaluating g,
» A, := (¢ A algorithm | using randomness,
error probability < e
» RI(A(G))= number of rounds A € A, needs in order to
compute g(G)

» RI(g):= mi RI(A(G
- (8) Ane“,[t]é G:(VTE::I)ﬁV\:n ¢ (A(6))
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Diameter - Lower bound!
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Diameter

Diameter - Lower bound!

Definition
: [ 1 ,diam(G) <4
diams(G) = { 0 .else
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Diameter

Diameter - Lower bound!

Definition
: [ 1 ,diam(G) <4
diams(G) = { 0 .else

Theorem

Vn > 10 VB > 1Ve > 0 sufficiently small: R%(diams) € Q(3)
(even when diameter is bounded by 5)
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Diameter

Diameter - Lower bound!

Definition

. 1 ,diam(G) <4
diamy(G) ::{ 0 else (6)

Theorem

Vn > 10 VB > 1Ve > 0 sufficiently small: R%(diams) € Q(3)
(even when diameter is bounded by 5)

Idea of proof:
» part |: transfer to another model of computation

» part |l: use known lower bound
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Part |: transfer to another model of computation
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Part |: transfer to another model of computation

Model of computation: Communication
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Part |: transfer to another model of computation

Model of computation: Communication
» given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power
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Proof of lower bound

Part |: transfer to another model of computation

Model of computation: Communication
» given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power

» round based model: Alice and Bob can exchange one bit in
one round
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Proof of lower bound

Part |: transfer to another model of computation

Model of computation: Communication
» given a € {0,1}* to Alice, b € {0,1}* to Bob
Alice and Bob have unbounded computational power

v

v

round based model: Alice and Bob can exchange one bit in
one round

goal: evaluate g : {0,1}% x {0,1}* — {0,1}

v
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Proof of lower bound

Part |: transfer to another model of computation
Model of computation: Communication
> given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power
» round based model: Alice and Bob can exchange one bit in one round
> goal: evaluate g : {0,1}% x {0,1}* — {0,1}

Definition
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Proof of lower bound

Part |: transfer to another model of computation
Model of computation: Communication
> given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power
» round based model: Alice and Bob can exchange one bit in one round

> goal: evaluate g : {0,1}% x {0,1}* — {0,1}

Definition

for two parties, evaluating g,
» A, := < A algorithm | using randomness,
error probability < e
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Proof of lower bound

Part |: transfer to another model of computation
Model of computation: Communication
> given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power
» round based model: Alice and Bob can exchange one bit in one round

> goal: evaluate g : {0,1}% x {0,1}* — {0,1}
Definition

for two parties, evaluating g,
» A, := < A algorithm | using randomness,
error probability < e

» R(A(a, b))= number of 1-bit messages exchanged in order
to compute g(a, b)
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Proof of lower bound

Part |: transfer to another model of computation
Model of computation: Communication
> given a € {0,1}* to Alice, b € {0,1}* to Bob
» Alice and Bob have unbounded computational power
» round based model: Alice and Bob can exchange one bit in one round

> goal: evaluate g : {0,1}% x {0,1}* — {0,1}
Definition

for two parties, evaluating g,
» A, := < A algorithm | using randomness,
error probability < e

~

» R(A(a, b))= number of 1-bit messages exchanged in order
to compute g(a, b)

R (g) := mi R (A
> RE(e) ACA. 2,be{01}* (A2 5))
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Part |: transfer to another model of computation

Let f: {G = (V,E) graph | |V| = n} — {0,1}.
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Proof of lower bound

Part |: transfer to another model of computation

Let f: {G = (V,E) graph | |V| = n} — {0,1}.
Definition
Let G = (V, E) be a graph. (G,, Gp, C) with subgraphs

Ga:(\/a, Ea) and Gb:(Vb,Eb) is a cut iff V = VSL-J Vi,
E=E,UE,UCand C={{u,v} €E|u€e V,veEV}
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Proof of lower bound

Part |: transfer to another model of computation

Let f: {G = (V,E) graph | |V| = n} — {0,1}.
Definition
Let G = (V, E) be a graph. (G,, Gp, C) with subgraphs

Ga:(\/a, Ea) and Gb:(\/b, Eb) is a cut iff V = VaU Vi,
E=E,UE,UCand C={{u,v} €E|u€E V,yveEV}

Let G be a graph with cut (G,, Gp, C). Define

f'((Ga, €), (Gp, C)) := f(G).
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Proof of lower bound

Part |: transfer to another model of computation
Lemma
If f(G) can be computed in the DistributedRound(B) model,

f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE() _ pa
9 < RY(f).
2IC|B — ¢ (f)
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Proof of lower bound

Part |: transfer to another model of computation

Lemma

If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE() _ pa
g < RY(f).
2IC|B — ¢ (f)
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Proof of lower bound

Part |: transfer to another model of computation

Lemma
If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE(F) _ oo

. < RE(f).

2IC|B = °¢ (f)

i ————— |3}
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Proof of lower bound

Part |: transfer to another model of computation
Lemma
If f(G) can be computed in the DistributedRound(B) model,

f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE() _ pa
9 < RY(f).
2IC|B — ¢ (f)

A

P

Mg 4

Mg, &~

Ja=———— 2} |

Mg ;=

&(‘ UNIVER§ITAT PADERBORN A Lower Bound for Computing the Diameter
Die Universitiit der Informationsgesellschaft 1 Q



Proof of lower bound

Part |: transfer to another model of computation

Lemma
If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore
RE(F) _ oo
< RE(f).

{mAM mAZ! mAE}

AEB '
mBM mBZ’ mBE}
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Proof of lower bound

Part |: transfer to another model of computation
Lemma
If f(G) can be computed in the DistributedRound(B) model,

f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE() _ pa
9 < RY(f).
2IC|B — ¢ (f)

My 4

B.1 m,,

B2

Ja=———— 2} |

My 3
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Proof of lower bound

Part |: transfer to another model of computation
Lemma

If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE(F) _ pd
g < RY(f).

# bits over C > R(f")
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Proof of lower bound

Part |: transfer to another model of computation

Lemma

If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

RE(F) _ pd
g < RY(f).

# bits over C > R(f")
RECC f/
= # messages over C > #
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Proof of lower bound

Part |: transfer to another model of computation
Lemma

If f(G) can be computed in the DistributedRound(B) model,
f'((Ga, C), (Gp, C)) := f(G) can be computed in the
Communication model. Furthermore

REE(f)

< RY(f).
2IClB — ¢ (f)
# bits over C > R(f")
= # messages over C > %(f)

RECC f'/
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Proof of lower bound

Part |: transfer to another model of computation

Ko -2

G37 C Gb7

ReE(F')
2|C[B

X
&
=
vV
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Proof of lower bound

Part |: transfer to another model of computation

Theorem

Vn > 10 VB > 1Ve > 0 sufficiently small: R%(diams) € Q(5)
(even when diameter is bounded by 5)

o -

diams(G diam/((G,, C),(Gp, C

R (diamy)

R (diam,) e

v
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Part |l: use known lower bound
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Proof of lower bound

Part |l: use known lower bound
Definition

disj, : {0, 1} x {0, 1} — {0,1},
0 ,3i€{0,....k—1}:a=b=1

disj,(a, b) ::{ 1 else
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Proof of lower bound

Part |l: use known lower bound

Definition

dis.jk : {071}k X {07 1}k - {07 1}7
. . L 0 ,HiE{O,...,k—l}Za,‘:b,‘:].
disj,(a, b) := { 1 else

Lemma
Ve > 0 sufficienty small: R(disj, ) € Q(k)
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Proof of lower bound

Part Il: use known lower bound
Definition
dis.jk : {07 l}k X {07 1}k - {07 1}7

. . 0 ,43i€{0,....k—1}:a,=b =1
disj,(a, b) ::{ 1 else { }

Lemma
Ve > 0 sufficienty small: R(disj, ) € Q(k)
Needed:

Ri - {A, B} x {0,1}* — {(H,C) | HC G,(H,G \ H, C) cut}
such that disj,(a, b) = diam}(R«(A, a), Rk(B, b))
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Proof of lower bound

Part Il: use known lower bound
Definition
dis.jk : {07 l}k X {07 1}k - {07 1}7

. . 0 ,43i€{0,....k—1}:a,=b =1
disj,(a, b) ::{ 1 else { }

Lemma
Ve > 0 sufficienty small: R(disj, ) € Q(k)
Needed:

Ri - {A, B} x {0,1}* — {(H,C) | HC G,(H,G \ H, C) cut}
such that disj,(a, b) = diam}(R«(A, a), Rk(B, b))

Re<(diam}) _ Re<(disi)
2ICIB = 2|C|B
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Proof of lower bound

Part |l: use known lower bound

Theorem

Vn > 10 VB > 1Ve > 0 sufficiently small: R%(diams) € Q(5)
(even when diameter is bounded by 5)

Alice: a
Bob: b

diams(G diam((G,, C), (Gp, C disj,(a, b)

R (diamy)
3B

Re(disjy)
2[CIB

RY (diam,)

v
Vv
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Proof of lower bound

Part |l: use known lower bound

Theorem

Vn > 10 VB > 1 Ve > 0 sufficiently small: R%(diams) € Q(5)
(even when diameter is bounded by 5)

Alice: a
Bob: b

diama(G diam}((G,, C), (Gp, C disj,2(a, b)

Re¢(diam)) Re“(disj2)

de(A;
Ré<(diamy) 2[C[B 2[C[B

v
A\
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Part |l: use known lower bound

Needed:
Riz : {A, B} x {0,1}% — {(H,C) | HC G,(H,G \ H, C) cut}
such that disj,2(a, b) = diamj(R2(A, a), Ry2(B, b))
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Proof of lower bound
Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)
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Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
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Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}

© 0 60 o
ONONONG)

&(‘ UNlYER§|TAT PADERBORN A Lower Bound for Computing the Diameter
Die Universitdt der Informationsgesellschaft 1 2



Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
L= {ll|i < 2k,} R = {r]]i < 2kn}

S)

S)
SNONONG)
S 0 6
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Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
U= ()i < 2k} R = {r]i < 2kn}
cL cr, W ={w;|i <
n—8k, — 2}

© 0o
CEGNGNG)
SNONONG)
SNCNONCNONG)
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Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,

a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
U= ()i < 2k} R = {r]i < 2kn} )
cL cr, W ={w;|i <

n—8k, — 2}

Ea Eg
= {11} < 2k} = {{r, r'}i < 2kn}
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Proof of lower bound

Part |l: use known lower bound

kn = |15] Ex.: n=20,k, =2,

a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
U= ()i < 2k} R = {r]i < 2kn} )
cL cr, W ={w;|i <

n—8k, — 2}

Ea Eg
= {11} < 2k} = {{r, r'}i < 2kn}

U{{/,', CL}|i < 2/(,7} U{{I’,’7 CR}‘I' < 2/(,,}
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Proof of lower bound

Part |l: use known lower bound

kn = | 15] Ex.: n=20,k, =2,

a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
U= ()i < 2k} R = {r]i < 2kn} )
cL cr, W ={w;|i <

n—8k, — 2}

Ea Eg
= {11} < 2k} = {{r, r'}i < 2kn}

U{{/,', CL}|i < 2/(,7} U{{I’,’7 CR}‘I' < 2/(,,}
Ol <7 <kt Of{m p}i < < b
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Part |l: use know

Proof of lower bound

n lower bound

kn = | 15] Ex.: n=20,k, =2,

a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
U= ()i < 2k} R = {r]i < 2kn} )
cL cr, W ={w;|i <

n—8k, — 2}

Ea Eg

— ({1} < 2k}
U{{/,',CLHi < 2/(,7}

O 11T < 7 < K}
U{{/i’/j}li >j 2z kn}

= {{r, r'}i < 2kn}
U{{r,-,cR}\i < 2/(,,}

Ot{rin i < < kn}
U{{I’,‘,I}'HI’ >j =z kn}
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n lower bound

kn = |15] Ex.: n=20,k, =2,

a=(0,0,0,1),b=(0,1,1,1)
Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
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cL cr, W ={w;|i <
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Ea Eg
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U{{li, i <Jj < kn}
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U mod ks 21 1
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U{{r,-,cR}\i < 2/(,,}

Ot ibli <7 < K}

U{{I’,‘,I}'HI’ >j =z kn}

ULLri mod koo iy 21
|bi = 0}
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Proof of lower bound

n lower bound
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Proof of lower bound

n lower bound

kn = | 15] Ex.: n=20,k, =2,
a=(0,0,0,1),b=(0,1,1,1)

Alice Bob Alice Bob
L:={}i|i <2k} R :={n|i < 2k,}
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cL cr, W ={w;|i <
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Ex Eg
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U{{/,',CLHi < 2/(,7}
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Diameter Proof of lower bound Other lower bounds

Part |l: use known lower bound

Needed:
Riz : {A, B} x {0,1}% — {(H,C) | HC G,(H,G \ H, C) cut}
such that disj,2(a, b) = diamj(R2(A, a), Ry2(B, b))
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Proof of lower bound

Part Il: use known lower bound
disiz(a,b) =1 = diamy(Ry2(A, a), Re2(B, b)) = 1

'L“ a=(0,0,0,1) b=(0,1,1,0)
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Proof of lower bound

Part Il: use known lower bound
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Proof of lower bound

Part Il: use known lower bound
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Proof of lower bound

Part |l: use known lower bound

Theorem

Vn > 10 VB > 1 Ve > 0 sufficiently small: R%(diams) € Q(5)
(even when diameter is bounded by 5)

Alice: a
Bob: b

diama(G diam}((G,, C), (Gp, C disj,2(a, b)

Re¢(diam)) Re“(disj2)

de(A;
Ré<(diamy) 2[C[B 2[C[B

v
A\
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Proof of lower bound

Part |l: use known lower bound

Theorem

¥n > 10 VB > 1 Ve > 0 sufficiently small: RY(diam,) € Q(5)
(even when diameter is bounded by 5)

Lemma
Ve > 0 sufficienty small: R (disj, ) € Q(k)
kn = 115]. |Cl = 2ks = 2| 5]
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Proof of lower bound

Part |l: use known lower bound

Theorem

¥n > 10 VB > 1 Ve > 0 sufficiently small: RY(diam,) € Q(5)
(even when diameter is bounded by 5)

Lemma
Ve > 0 sufficienty small: R (disj, ) € Q(k)

kn = 5], [C| = 2kn = 2| 15]

RES) g ()

dc H > o
= R%(diamy) > 31CIB

B
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Diameter Proof of lower bound Other lower bounds

Other lower bounds using this technique
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Other lower bounds using this technique

Ko -2
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Other lower bounds

Alice: a
Bob: b
disjk,%(av b)

Re(disi,2)
“2[CB




Other lower bounds

Other lower bounds using this technique

Theorem

V6 >0Vn > 16[ 2] + 8B > 1Ve > 0 sufficiently small:
any distributed e-error algorithm that ( % — d)-approximates the

diameter of a graph needs Q(V%?) rounds.

Theorem

Vo > 0Vn > 16 [%] + 4VYB > 1Ve > 0 sufficiently small:
any distributed e-error algorithm that (2 — §)-approximates the

girth of a graph needs Q(@) rounds.
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